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This  paper  investigates  a class  of  committee  ranking  problems. 

A given  member  wishes  to  select  an  ordinal  ranking  of  a set  of  objects 
which,  when  combined  wdth  the  rankings  provided  by  the  other  members, 
yields  a consensus  ranking  that  is  as  close  as  possible  to  some  desired 
set  of  preferences.  Areas  of  potential  application  such  as  defense 
construction  and  highway  planning  are  discussed.  An  algorithm  for 
determining  the  best  ranking  together  with  an  illustrative  example  is 
given. 
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1 , Introduction 

This  paper  investigates  ranking  problems  in  which  each  member  of  a 
committee  provides  an  ordinal  ranking  of  a set  of  objects  or  projects, 
and  In  which  a given  member  of  the  committee  wishes  to  have  the  resulting 
consensus  be  as  close  us  possible  to  some  desired  ranking.  Specifically, 
consider  the  problem  in  which  m committee  members  have  given  ordinal 

rankings  to  n objects.  These  rankings  are  denoted  where 

II  I I . th 

Q = (qj,  . . . j q^J  and  q^  = i means  that  the  I member  has  given 

object  j rank  i.  The  consensus  ordinal  ranking  is  given  by  ordering 
the  sums^ 
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1=1  ^ 

where  X ■ (Xj,  . . , , x^)  is  tfie  complete  ordinal  ranking  of  the  last 
committee  member.  This  final  (m+1  ) member  has  a desired  ranking  G. 

We  assume,  without  loss  of  generality,  that  G = (It  2,  ...  t n) that 
1s,  the  natural  order  is  the  desired  one.  The  problem  is  to  find  that 
ranking  which  makes  the  consensus  ranking  as  close  to  G as  possible. 

By  closest  we  mean  the  ranking  for  which  the  most  ordinal  relationships 
from  G hold . 


^Although  there  are  numerous  methods  of  formulating  a consensus, 
we  have  adopted  the  most  straightforward,  namely,  Kendall's  average. 
See  [ ai  . 
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The  model  as  defined  requires  that  = I . be  a knovm  quantity 

J J 

to  member  w+J . Although  this  is  a restrictive  assumption  in  many  cases, 
it  may  In  fact  be  the  only  point  of  departure  from  which  to  launch  an 
Investigation  of  strategic  planning.  Other  approaches  such  as  a 
maximin  criterion  would  not  only  be  computationally  unwieldy,  but  would 
need  to  be  based  on  erroneous  assumptions  and  would  lead  to  useless 
results.  Such  an  approach  would  generally  mean  assuming  (1)  that  the 
first  m members  know  member  nH-l's  desired  ranking;  and  (ii)  that  they 
would  be  forming  a coalition  to  enter  into  direct  competition  with 
member  J . In  most  applications  these  assumptions  are  \founded. 

The  approach  taken  in  this  paper  leads  to  an  easily  implemented 
algorithm  which  determines  the  best  X = (Xjj  . . . , x^)  for  any 

y = (yjt  • • • j Several  directions  for  a more  detailed  analysis 

are  then  possible.  One  such  direction  is  to  Investigate  the  nature  of 
X for  several  Y vectors  which  the  decision  maker  might  feel  form  the 
boundary  of  losslble  variation  in  the  preferences  of  the  other  m members. 
Given  this  set  of  X vectors,  an  acceptable  one  could,  in  most  Instances, 
then  be  selected  as  the  "best." 

An  alternate  direction  is  to  initiate  a form  of  sensitivity  analysis. 

For  a given  computed  X,  pairwise  variations  in  the  y.  components  can  be 

J 

investigated  to  determine  the  ranges  over  which  X remains  optimal.  Such 
an  analysis  for  various  X can  provide  substantial  Information  as  to  which 
strategy  (ranking)  member  nH-1  should  select. 

In  the  following  section  we  discuss  a number  of  areas  of  application 
of  the  strategy  selection  problem.  In  Section  3,  we  present  an  algorithm 


I 
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for  solving  the  strategy  selection  problem,  and  discuss  the  problem  of 
weights.  Section  4 contains  an  illustrative  example. 

2.  Applications 

This  ordinal  ranking  problem  finds  application  in  a number  of  areas. 
Cortslder,  for  example,  the  problem  of  assigning  priorities  to  defence 
construction  projects.  For  the  Canadian  military,  one  of  the  first 
steps  in  the  decision  process  is  to  establish  the  relative  importance  to 
be  attached  to  various  areas.  That  is,  proposals  will  be  submitted  for 
projects  in  the  areas:  maintenance  to  base  buildings,  recreation  facilities, 
road  and  parking  lot  repair,  lighting  facilities  in  hangars,  defence 
educational  facilities,  . . . , etc.  When  representatives  from  the  various 
military  bases  throughout  the  country  gather  to  establish  (as  a group)  what 
emphasis  should  be  placed  on  the  various  categories,  in  a preference 
ordering  sense,  each  representative  has  a different  ranking  in  mind.  One 
base  may  have  its  greatest  needs  in  the  area  of  operational  and  security 
facilities,  while  another  may  wish  to  emphasize  defence  education  and 
training  facilities. 

Consequently,  each  representative  ranks  the  categories  in  order  of 
relative  Importance  in  relation  to  the  perceived  needs  of  the  military 
base  in  question.  This  ranking  is  done  on  an  individual  basis  initially 
and  then  the  average  ranking  computed  by  a referee.  A general  round-the-table 
discussion  then  follows  in  order  tf  get  the  views  of  each  member  present. 

The  members  then  rank  the  categories  again,  and  an  average  is  recomputed. 

In  this  way,  the  averages  tend  to  converge  to  a ranking  which  is  not  toe 
dissimilar  from  the  desires  of  the  representatives  present. 
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For  more  detailed  information  on  the  process  of  project  funding  and 
priority  assignment  in  defence  construction  see  [1],  [4]  and  [13], 

Another  area  of  application  arises  in  highway  planning.  As  a case 
In  point,  consider  the  problem  recently  faced  by  a consulting  firm 

assigned  the  task  of  selecting  a corridor  (a  500-ft.  wide  strip  of  land) 

% 

through  which  a 4-lane  highway  would  be  constructed.^  This  highway  was 
being  built  in  order  to  bypass  the  city  of  Peterborough,  Ontario.  The 
procedure  followed  by  the  firm  in  this  instance,  (and  which  would  generally 
be  the  procedure  followed  in  any  corridor  selection  problem)  was  to  carry 
out  a public  opinion  poll  in  each  municipality  concerned.  A group  of 
municipal  officials  (municipal  body)  was  responsible  for  conveying  the 
wishes  of  the  people  from  that  municipality  to  the  consulting  firm. 

A sample  of  residents  from  each  municipality  was  selected  by  the 
officials  and  each  resident  asked  to  specify  how  a cotrldor  passing 
through  their  municipality  would  affect  various  things.  Factors  considered 
were:  (1)  regional  development  benefits  such  as  employment  opportunities, 

increase  In  business  profits,  net  change  in  housing  costs;  (2)  user 
benefits  such  as  change  in  travel  time,  operating  costs,  accident 

costs,  user  comfort  due  to  changes  in  geometric  standards  . . . etc; 

(3)  social  benefit  such  as  employment  stability,  community  growth, 

« 

community  cohesion;  (4)  environmental  benefits  such  as  noise,  air  and 
water  pollution,  loss  of  natural  land  areas,  damage  to  fish  and  game, 
damage  to  farm  land,  . . . , etc. 


^The  authors  were  Indirectly  associated  with  the  Peterborough 
Bypass  study. 
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The  consulting  firm  then  presented  each  municipality  (municipal 
body)  with  a series  of  "possible"  corridors.  Some  of  these  corridors 
vould,  if  constructed,  pass  through  a given  municipality,  while  others 
would  not.  Given  the  opinions  gathered  from  the  sample  and  relating  to 
the  above  factors,  the  municipal  body  then  constructed  a preference 
orcfering  of  the  corridors  from  "best"  to  "worse."  This  ranking  was 
designed  to  reflect  residents’  opinions,  as  well  as  the  groups'  assessment, 
of  the  long-run  benefits  which  the  highway  would  yield. 

The  firm  then  collected  the  rankings  from  the  groups,  and  attempted 
to  construct  a representative  compromise.  Essentially,  the  compromise 
ranking  amounted  to  a "weighted"  average.  Weights  were  assigned  on  the 
basis  of  population  of  the  municipality  and  the  total  benefit/damage  factor 
for  the  municipality.  From  this  consensus  some  of  the  proposed  corridors 
were  dropped,  the  remaining  ones  specified  in  finer  detail,  and  this 
subset  resubmitted  to  the  municipalities  for  a second  round  of  preference 
specification. 

This  procedure  was  carried,  at  later  stages,  to  "higher"  levels  of 
authority  (than  just  the  municipal)  until  a final  "best"  corridor  was 
decided  upon. 

For  further  details  on  the  above-mentioned  study  and  related  work 
see  [5] , [7] , [10] , [ 15  ) . 

In  both  of  the  above  problems  there  is  an  Inherent  strategic  aspect 
which  is  worthy  of  investigation.  In  the  corridor  selection  problem,  for 
example,  a given  municipal  group  may  view  the  process  as  one  where  it 
must  select  the  most  effective  ranking  X of  the  options.  As  in  many 
competitive  decision  making  frameworks,  the  member  (player)  under 
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consideration  must  either  assume,  for  each  opponent,  a pure  strategy  (C  ) 
or  else  a mixed  strategy  or  prior  distribution  over  the  possible  rankings. 
This  is  the  approach  taken  in  many  competitive  bidding  ([3],  [9],  [14] ) 
and  advertising  (121,  [ll]  , [12])  models. 

The  desired  ranking  G would  be  developed  based  on  what  the  munici- 
pality perceives  as  being  the  benef it(damage)  implications  of  the  various 

factors  being  considered;  that  is,  wildlife,  forest,  business etc. 

The  problem  facing  that  municipality  is,  therefore,  to  select  a ranking  X 
which,  when  combined  with  the  other  n rankings  Q , will  yield  a ranking 
which  is  as  close  as  possible  to  G. 

By  a similar  argument  the  defence  construction  problem  exhibits  an 
element  of  strategic  planning.  A given  base,  in  wishing  to  reach  a con- 
sensus which  is  consistent  with  its  Interests,  would  want  to  select  the 
most  appropriate  ranking.  Again,  the  matter  of  weighting  may  enter  the 
picture  since  factors  such  as  total  dollar  volume  requested  and  size  of 
base  must  be  considered. 

Other  problem  areas  such  as  water  resource  planning  and  highway 
maintenance  budget  allocation  exhibit  a strategic  ranking  element  worthy 
of  consideration.  We  will  not  elaborate  here. 

3. Solution  Procedure 

In  this  section  we  present  a branch-and-bound  algorithm  for  solving 
the  strategy  selection  problem.  We  begin  by  giving  t le  following 
mathematical  programming  representation. 
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subject  to 


n-1  n 

Minimize  \ \ z . 

i=l  j=n.+l 

y .+  X ■ i y ; -h  X .+  Mz  . 1 s i < j i n,  (3.1) 

-t  ^ J j lO’ 

2..  £ {(7,  1] 

X — (Xjt  ^2*  * • • ^ ^ 


where  M is  a large  positive  number  and  C Is  the  set  of  all  complete  rankings. 

At  optimality  the  objective  value  of  (3.1)  will  specify  the  number  of 

ordinal  relationships  from  G which  cannot  be  satisfied.  The  zero-one 

variable  z..  equals  one  when  the  optimal  strategy  X does  not  yield  a 
t«7 

consensus  ranking  which  satisfies  the  desired  ordinal  relationship  between 
projects  t and  j.  Of  course,  alternate  optimal  strategies  are  possible. 

To  simplify  notation,  we  deflni-  d.-  = y-  - y . and  rearrange  variables 
to  obtain: 


n~l  n 

Minimize  [ 'i  z . 

su  bj  ec  t to 

X-  - X . i d . . + Mz . 1 < i < 3 i n (3.2) 

J tj 

2 . . f {O,  1}  and  X € C. 
ij 

The  implicit  enumeration  procedure  will  develop  a binary  tree  to 
Inspect  all  possible  ordinal  rankings;  that  is,  all  the  elements  of  C. 

This  will  be  accomplished  by  performing  a dichotomy  at  each  node  that  will 
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divide  the  current  interval  within  which  an  x-  may  be  contained  into  two 

If 

disjoint  subintervals,  and  then  forcing  x.  to  be  in  one  sub interval  down 
the  "left"  branch  and  in  the  other  subinterval  down  the  "right"  branch. 
Generally,  it  will  only  be  necessary  to  generate  a small  portion  of  the 
complete  tree,  as  many  solutions  can  be  discarded  as  being  suboptimal. 

t 

Our  algorithm  will  define  rules  for  developing  the  tree,  obtaining  bounds 
and  identifying  an  optimal  solution. 

It  is  noted  that  a branch-and-bound  algorithm  to  solve  (3.2)  may  be 
created  which  would  dichotomize  on  setting  it  to  zero  down  one  branch 

and  to  one  down  another.  The  difficulty  with  this  type  of  procedure  is 
that  a nontrivial  problem  may  arise  to  determine  a feasible  solution.  It 
seems  impossible  to  avoid  a sub-enumerative  process  at  certain  nodes  to 
either  obtain  a feasible  solution  or  to  verify  that  none  exists.  For 
this  reason,  we  have  chosen  the  partitioning  procedure  as  previously 
described.  In  the  case  of  dichotomizing  on  the  variables,  we  will 
state  a simple  procedure  for  obtaining  a feasible  solution  when  one  exists. 
While  this  solution  may  not  be  optimal  for  the  candidate  problem  (see 
Geoffrlon  and  Marstcn  [6]  as  a source  for  the  terminology  used  to  describe 
the  tree).  It  does  provide  an  upper  bound  on  the  objective  value  of  all 
descendants  of  the  node. 

For  any  node  (say  the  p^^)  in  the  solution  tree  we  define  the 
following: 

iF,  a lower  bound  on  the  value  of  x.; 

V t 

U^.  an  upper  bound  on  the  value  of  x • ; 
i t 
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LB^  a lower  bound  on  the  optimal  objective  value  of  any  feasible 

completions  of  the  tree  emanating  from  node  P; 

UB^  an  upper  bound  on  the  optimal  objective  value  of  any  feasible 

completions  of  the  tree  emanating  from  node  P; 

an  Index  set  containing  the  indices  of  all  objects  which,  no 

» mutter  what  ranking  is  assigned  in  the  interval  [iP.,  iP.]  , 

T,  X 

the  lower  bound  will  be  unaffected  now  and  in  all  future 
descendants; 

iP  the  best  known  ranking  satisfying  the  restrictions  imposed  at 

node  p; 


VB  min  [UB^]. 

P 

The  values  for  and  jP  will  be  assigned  by  the  branching  process. 

The  objective  value  associated  with  the  current  solution  equals  UB^ . The 

values  for  LB^ ^ and  will  be  determined  by  the  algorithm  in  a 
manner  to  be  described. 

We  begin  the  description  of  the  algorithm  by  specifying  how  the 
Interval  within  which  x.  must  be  contained  will  be  partitioned  into 
smaller  and  smaller  subintervals.  This  is  performed  in  a manner  to 
guarantee  that 


n 

[lP, 

equals  either 

(3.3) 

or  <p 

for  all  tj  k and  p. 
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That  Is,  all  the  intervals  are  either  disjoint  or  one  is  completely 

contained  within  the  other.  One  way  to  maintain  this  condition  is  to 

begin  with  L^.  = 1 and  = n,  for  all  i and  then  use  the  same  parti- 
t V 

tloning  sequence  on  every  x-.  To  demonstrate  how  (3.3,  facilitates  the 
implementation  of  our  algorithm,  we  state  and  prove  the  following  theorem: 

Theorem  Let  X be  an  ordinal  ranking  which  satisfies  the  interval 

constraints  L^.  ^ x.  i U^.,  i = 2,  2,  n node  p. 

Xf  ^ “V 

Furthermore,  let  condition  (3.3)  be  satisfied. 

Suppose  two  new  candidate  problems  are  created  at  nodes 
P+1  and  p+2  as  follows: 


If  this  partitioning  maintains  (3.3)  then  any  infeasibility 
which  may  arise  can  either  be  corrected  by  performing  a pairwise 
Interchange  between  the  current  value  of  ^nd  the  current 

value  of  some  x^,  or  no  feasible  solution  exists. 
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Proof 


Let  be  the  interval  within  which  x must  lie  in  the 

r r r 

new  candidate  problem.  The  Intervals  for  all  other  variables 

remain  unchanged;  that  is,  = [lK,  uK]  , i r. 

7^  X'  XX 

Clearly,  if  i x i , then  X is  still  feasible. 

» p rr 

The  case  of  interest  arises  when  x = x Is  not  feasible. 

r p 

If  X Is  not  contained  in  then  we  may  search 

r r p ^ 

over  all  x-^  such  that 


s X,  s 

k 


uP-^1 


(3.4) 


to  see  if 


if  S X s 

k p 


(3.5) 


For  any  k satisfying  (3.4)  and  (3.5),  a feasible  solution  at 

node  p+1  is  immediately  obtained  by  placing  x^  = x^^,  = x^ 

and  X.  * x.j  i Pt  k.  On  the  other  hand,  if  no  k exists 
X X 

which  satlsfl.es  (3.4)  and  (3.5),  then,  to  prove  the  theorem, 
it  must  be  shown  that  no  feasible  solution  exists  at  this  node. 

If  conditions  (3.4)  and  (3.5)  cannot  be  satisfied,  then 


i/J)  n [L 


P 

p* 


is  a proper  subset  of 


Also 


(3.6) 
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nC'. 

r * r 

i/p  n 

up’. 

o (UP  I/p  n up\ 

Clearly,  If 

r 

r 

Is  feasible,  then  by  conditions  (3.3)  and  (3.6) 


0 


n [L 


p + 2 

r * 


r 


This  means  that 

Ul.  ol>  . - '4-  "P 

and,  therefore,  cannot  be  assigned  a value  outside  the 

Interval  • Hence,  all  the  projects  currently 

assigned  a ranking  In  this  interval  must  remain  In  the  Interval 
and.  In  addition,  to  maintain  feasibility  the  project  must 
be  assigned  a ranking  In  this  interval.  This  implies  that 
there  are  more  projects  than  there  a^.*  rankings  to  assign,  and 
the  restricted  problem  at  node  p-fl  has  no  feasible  solution. 


By  utilizing  the  results  of  the  theorem,  it  Is  a simple  matter  to 
maintain  a feasible  solution.  This  solution  provides  us  with  an  upper 
bound  on  the  optimal  objective  value  at  that  node.  Before  a step-by-step 
statement  of  the  algorithm  is  given,  a method  for  obtaining  a lover  bound 
on  Che  optimal  objective  value  will  be  discussed. 
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In  this  paper  we  will  present  easily  implemented  rules  for 
determining  and  LB^  . The  following  is  a step-by-step  statement  of 
our  algorithm.  The  rules  are  based  on  the  following  observations. 

(i)  If  we  have  any  hope  of  satisfying  the  constraint 


- X 


< d.  . 


then  we  must  have 


L . - U . i d . . . 
t J tj 


Thus,  by  counting  the  number  of  pairs  (i,j)  with  i < 


such  that  L.  - U.  i d.  ■,  a lower  bound  on  the  objective 
t J 

value  of  any  descendants  of  node  p can  be  obtained. 

(ii)  The  constraint  x-  - x . ^ d.  . will  always  be 

Z-  J VQ 

satisfied  by  feasible  solutions  to  descendants  of  node  p 

whenever  U?  - s d.  ■ • Therefore,  an  object  k with 
t j 


'if  - 'i  ‘ •‘kj  " ‘‘k  - "j  " '^ki 

Uf  - ^ d.^  or  tP  - uP  > d.^  tor  .11  i . k, 

can  be  placed  anywhere  in  its  allowable  interval  without 

affecting  the  objective  value  of  any  descendants  from  node  p. 

Hence,  k can  be  placed  In  the  previously  defined  index  set  . 

It  is  possible  to  obtain  stronger  bounds  but  it  appears  that  the 
computations  required  to  obtain  these  bounds  would  not  justify  the  savings 
achieved  by  producing  a smaller  solution  tree. 
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The  Algorithm 


STEP  1. 


Set  p = t = = 0.  Set  = G. 


STEP  2.  Calculate  the  current  objective  value  with  ; that  is, 

how  many  constraints  are  violated  with  z..  = 0 for  every 

tj 

(it  i) • Set  UB  equal  to  this  objective  value.  Set 

L°.  = 1,  i = 1,  2,  . , n and  iF.  = n,  i = 1 , 2,  . . . , n. 

^ % 

STEP  3.  f = {k-  ld^.|  i n - 1,  for  all  J k} . 

STEP  4.  For  1 ^ i < j i n,  equals  the  cardinality  of  where 

F = (ri,  C)  \ - Uj  > for  i < j}. 

STEP  5.  Let  LB^  = min  LbF ^ r = 0 , 1,  t.  If  LB^  = UB 

go  to  step  10;  otherwise,  go  to  step  6. 

STEP  6.  Let  k equal  the  index  of  the  variable  to  be  further  restricted. 


= maximum  U^  ~ L^,  i / F. 


Ties  are  broken  by  choosing  the  smallest  index  satisfying  the 
above  criterion. 

STEP  7.  Create  two  new  nodes  t+1  and  t+2.  At  node  t+1  assign  a new 
upper  bound  on  the  variable  x^  as  follows. 


= lI  + Kul  - lI)/2] 


where  ( ) Indicates  greatest  integer  less  than  or  equal  to 
the  number  in  the  brackets. 
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STEP  7.  At  node  t+2  assign  a new  lower  bound  on  the  variable 
coat'd. 

as  follows: 


STEP  8. 


- "r'  * 

„t  + l r.^+2 

Check  to  see  if  )<:  can  be  placed  in  either  F or  F 


The  Index  k can  be  placed  in  F whenever 


- "i  ’ •^ki  •“  " ‘ 

and 

"<  - 4 " ‘i  - * •^ik ‘ 

where 

£ = t + J or  £ = t-z-2 


Also,  if 


or 


k J kj 


.t+2  ,,t+l  . , 

- ^k  " 


add  the  index  pair  (,k,  j)  or  (t,  k)  to  7 i£  the  pair 
is  not  already  present;  furthermore,  if  the  pair  Is  not 


already 

inpP, 

- 

+ 1.  Similarly 

, t + 2 
^ k 

t + 2 

- 

V 

vV 

A 

or 

,tF2 

Jj  , 

X 

t + 2 

- "k  ' 
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t + 2 

add  the  index  pair  {k,  j)  or  {i,  k)  to  V if  the  pair 
is  not  already  present.  If  the  pair  is  not  present 


LB 


t + 2 


* J.  S«  LS^  - r,‘. 


STEP  9. 


For  the  new  nodes  obtain  a new  feasible  solution 


and 


’ , Notice  that  at  one  of  the  nodes  {t+1  or  t+2)  R^ 

will  be  feasible.  A feasible  solution  at  the  other  node 

can  either  easily  be  obtained  (because  our  intervals  bounds 

are  non-overlapping)  by  rearranging  the  order  or  no  feasible 

solution  exists  at  that  node.  If  no  feasible  solution  exists 

2 

set  the  lower  bound  equal  to  n . Define  a new  objective 
value  from  R^^^  or  R^~^^  (the  one  that  is  dif f erent) . Go  to  step  5. 
STEP  10.  Terminate — the  solution  yielding  UB  is  optimal. 


Weights 

In  applications  such  as  those  discussed  previously  the  introduction 
of  weights  is  essential.  It  may  be  necessary  to  consider  two  different 
forms  of  weights. 

Firstly,  the  equal  importance.  If  we 

X. 

introduce  relative  weights  u then 


Y = 


r IX. 

I Q 

1=1 


and 


d.  . 


m 

r 


r I , I i , 
1=1  ^ 
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Without  loss  of  generality  we  assume  the  weight  attached  to  X is 

^ Weighted  rankings,  thus,  present  no  computational  problems. 

A second  consideration  which  must  be  made  with  regard  to  weights 

has  to  do  with  the  relative  importance  of  pairwise  preferences.  Relative 

to  the  desired  ranking  G,  it  may  be,  for  example,  that  the  preference  of 
% 

project  1 to  project  2 is  greater  than  that  of  project  2 to  project  3. 

If  u..  denotes  the  relative  importance  of  the  preference  for  project  i 
w 

over  J then  the  objective  function  of  (3.1)  (and  (3.2))  becomes 

n-2  n 

minimize  T 7 w . .z  . . . 

i=l  j=U2 

With  this  more  general  formulation,  appropriate  modifications  of  the 
algorithm  are  in  order.  Specifically,  in: 

STEP  4 ; LB°  ==  7 w . . 

o 

(ijUV° 

STEP  8;  Instead  of  + 2 

we  have 

LB^^^  = LB^*^  + V,  . ( or  w . 

kj  tk 

t + 2 

A similar  modification  must  be  made  to  LB  if  necessary. 

« 

In  the  following  section  we  present  a detailed  example  to  Illustrate 


the  algorithm. 
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4.  Sample  Problem 

The  fifth  member  of  a five-member  committee  wishes  to  provide  an 
ordinal  ranking  for  six  objects  that  will  provide  a consensus  ranking 
as  close  as  possible  to  G = (1,  2,  6) , It  is  known  that  the 

other  committee  members  have  provided  the  following  rankings. 
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We  assume  without  loss  of  generality  that  all  weights  equal  1 . 
Table  1 gives  the  pertinent  information  generated  by  the  algorithm 


during  the  branch-and-bound  process.  In  this  example  the  algorithm 
always  branched  to  one  of  the  newly  created  nodes  and  optimality  was 

verified  at  node  17.  We  began  with  a lower  bound  of  1 because  the 

% 

desired  ordinal  relationship  between  objects  Z and  4 cannot  be  satisfied. 

TABLE  1 

Node  0 1 4 5 8 


« 

Constraint  added 

l<x^<Z  4'^^^6 

1^Z<3 

Upper  bound 

5 1 

) 

4 

4 

4 

Lower  bound 

1 : 

r 

1 

1 

1 

1 J 

i 

1 

1 

1 

2 2 

4 

4 

4 

Z Z 

3 

3 

3 

Solution  fP 

4 4 

2 

2 

6 

5 i 

> 

6 

5 

5 

e 6 

6 

6 

2 

Node 

10 

11 

14 

IS 

1? 

Constraint  added 

4<jc^i6 

2iXjiZ 

4sx^U 

l^^n 

Upper  bound 

4 

4 

4 

4 

1 

Lover  bound 

1 

1 

1 

1 

1 

1 

1 

2 

2 

2 

4 

4 

4 

4 

4 

3 

3 

3 

3 

1 

Solution 

6 

6 

6 

6 

6 

• 

6 

5 

5 

5 

5 

2 

2 

1 

1 

3 
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Graphically,  the  solution  tree  appears  as  drawn  in  Figure  1.  Nodes 
which  were  fathomed  before  the  algorithm  branched  to  them  (that  is,  an 
upper  bound  calculated  and  further  partitioning  considered)  are  indicated 
with  a slash. 


Figure  J.  Illustration  of  the  branch-and-bound  tree  created  during 
the  solution  of  the  sample  problem. 
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Clearly,  a large  number  of  branches  may  be  required  for  the 
solution  of  a large  problem.  However,  the  cardinality  of  the  Index 
sets  and  would  be  expected  to  expand  with  the  size  of  the  problem. 
The  strength  In  our  algorithm  lies  in  the  ease  with  which  a feasible 
solution  can  be  obtained  at  any  node. 

’ As  is  the  case  with  almost  any  algorithm,  there  are  an  infinite 
number  of  ways  to  modify  our  algorithm  and  actually  implement  it.  For 
example.  It  may  be  of  benefit  to  attempt  the  improvement  of  the  current 
solution  with  pairwise  interchanges,  or  update  occasionally  (say, 
every  10  branches)  rather  than  at  every  node.  We  will  not  elaborate  on 
any  such  modifications  here. 


REFERENCES 


1.  Brlghtwell,  S.  A.,  W.  D.  Cook  and  S.  L.  Mehndlratta,  "Priority 

Assignment  to  Command  Construction  Projects".  I N F 0 R , 13  ( 3)  (19  75  ). 

2.  Cook,  W.  D.,  "Stochastic  Models  for  Competitive  Advertising",  ; 

W.  P.,  F.iculty  of  Administrative  Studies,  York  University, 

Toronto,  Canada,  1973. 

3.  Cook,  W.  D.,  M.  J.  L.  Kirby  and  S.  L.  Mehndlratta,  "A  Game 

Theqretlc  Approach  to  a Two-Firm  Bidding  Problem",  Naval  Research 
Logistics  Quarterly,  22(4)  (1975),  721-739. 

4.  Cook,  W.  D.  and  A.  L.  Salpe,  "Committee  Approach  to  Priority 

Planning:  The  Median  Ranking  Method",  Cahlerj  du  Centre  d'Etude 

de  Recherche  Operationnelle  18(3). 

5.  De  Leut  Cather,  "Application  of  Evaluation  Techniques  to  Multi- 
dicipllnary  Feasibility  Studies"  Roads  and  Transportation 
Association  of  Canada,  1975. 

6.  Geoffrlon,  A.  M.  and  R.  E.  Marsten,  "Integer  Programming  Algorithms: 

A Framework  and  S t a t e-o f- the-Ar t Survey",  Management  Science, 

18(9),  (1972),  465-491. 

7.  Hide,  H.,  S,  W.  Abaynayaka  and  R.  J.  Watt,  "The  Kenya  Road  Trans- 
port Case".  1975. 

8.  Kendall,  M.  G.,  Rank  Correlation  Methods,  3rd  edition,  Hafner, 

New  York,  1962. 

9.  Kortanek,  K.,  J.  V.  Soden  and  D.,  Sodaro,  "Profit  Analysis  and 
Sequential  Proh ab Hi s t 1 c Bid  Pricing  Models",  Management  Science. 

20(3)  (1973)  396-417. 

10.  Kuhn,  T.  E.,  Public  Enterprise  Economics  and  Transport  Problems. 
University  of  California  Press,  Berkley,  (1962). 

11.  Mills,  H.  D.,  "A  Study  in  Promotional  Competition",  in  Mathemat- 
ical Models  and  Methods  in  Marketing,  ed.  by  Bass  et.  al.  Irwin  (1961). 

12.  Saiienl,  M.  W. , "Optimal  Advertising  Expenditure".  Management  Science. 
18(1)  (1971)  64-72. 

13.  Senior  Staff  Officer  of  Quarters,  Project  Status  Report.  Air 
Transport  Command  Headquarters,  Trenton,  Ontario,  Canada,  1975. 

14.  Stark,  R.  M. , "Competitive  Bidding:  A Comprehensive  Bibliography", 
Operations  Research  19(3)  (1971)  484-490. 

15.  Vasan,  K.  S.,  "Optimization  Models  for  Regional  Public  Systems", 

W.  P.  //74-6,  Operations  Research  Center,  College  of  Engineering, 
University  of  California,  Berkeley. 


4 


rnclassified 


DOCUMENT  CONTROL  DATA  R & D 

s<-<  i>r  I , 1 %t  III  til  ion  o/  lillv,  ItinJy  i-/  »f»»«  f ,tn.i  itn/r  « mi*  .mumm.i  »i  nm  . f hv  Kitlvn-d  i^hcn  Iff  .>11  rrfinrf  i \ r hi  *,i  f nii  t 


0*<’  . N*  mmo  AC  Tiv*Ty  (i'orporute  imlhurf  «f^’OWT  SfCu^'Tv  ClASSMi-  a’iCu 

Center  for  Cybernetic  Studies  rnclassified  

The  Universitv  of  Texas 


I HILCON  r I T L » 


M rategy  Selection  in  Ordinal  Ranking  Problems  . ^ 


4 0*.5C«‘»*»ivtNOTE»f7Vp*o^  teporl  and,  itichi'iivv  ihtlr  'i ) 

*4  TMOWtSi  (f-  ir 9 1 name,  icic/(// 9. inUiAi.  numf) 

' o ) Ronald  D./Armstrong  i 

Wade  D./C 00k  i ^'1 


/y  ' f ■ 


i / Julir  1^77  , 


1 f T OH  GRANT  NO 


^ NOOO  14-75-0^5 69^  / N hC  ~ A I Center  for  C:;dt£urJ[utic  Studies 


>.  NO  OF  RtF5 

15 


9a.  0««GiNA  TOR'S  REPOH  T NO»Xfi£  R(S» 


NR047-021 


'Y  Research  >KepQ4'L^'CS-299 

OTMfcR  RtPORT  nOIS)  (Any  olhvt  num6*r«  thm  f 
<hu  report 


0 DiSTRieuTION  STATCMCNr 


This  document  has  been  approved  for  public  release  and  sale;  its 
distribution  is  unlimited. 


M •Ui'^LCMENT  ARV  NOTCt 

12  SP  ONSO  Wlf4  C Ml  L I T A R r ACTIVITY 

Office  of  Naval  Research  (Code  434) 

* 

Washington,  D.C. 

This  paper  investigates  a class  of  committee  ranking  problems. 

A given  member  wishes  to  select  an  ordinal  ranking  of  a set  of  obiects  which, 
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preferences.  Areas  of  potential  application  such  as  defence  construction 
and  highway  planning  are  discussed.  An  algorithm  for  determining  the  best 
ranking  together  with  an  illustrative  example  is  given. 
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